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A-RYF(lR TEE IATEEUUI~SE CWAIKPIANES

TO RANDOMATMOWKEMC TURBUUWE

% JohnM. E@eetcm

SUMWRY

The lateralmotionsof an airplaneflyingthroughcontinuousrsMcm
isotropicturbulencehave been derivedin * of (1)the transfer
ftmctionsrelatingthe motionin the vsriousdegreesof fieedcmto the
yawingmment, roUing mcment,and sideforce, (2)the statisticalforces
- momentsat the centerd grati~ due to gust velocitiesact- on the
liftingsurfacesof the aiqplane,and (3) the power spectiaof the three
orthogonalcomponentsof ~t velocityactingm the airplanealongthe
fldghtpath. The methodtakesinto accountWe rsndcunvariatlms of
gustvelocityacrossthe span and alongthe fuselage. Solutionssre
givenin the form of equationsrelatingthe power spectraof the angular
moticmsof the airplaneto the power spectiaof the gust vebcities.

Threeairplanesof differentsize a-e used to demonstratethe method,
illustratecharacteristictrends,and exhibitmm slmp13ficatlonspos-
sibk in the calctitions. For theseairplanesthe effectsof hmimntal
gusts (thatis, gustspsraUel to the flightpath) and sidefarcesdue
to gustson tie airplaneswere foundto be negligible.

~ using one of the exsqpk alrplsnes,a ccmgwmisonis drmn between
the presenttheoryand severalless comprehensivethe-es for calcu-
latingthe effectof gustson wings of finitespan md the effectof
gustson the motionsof the Ccmpkte @lane.

=ODUCTION

- CkSF3iCd them Of stabilityad CQlltiOl Of ~kIleS kS bt?a
appliedto the calculationof responseto ccmtiolsand respmse b gusts.
~ the calculationof responseto gusts,however,& angle-of-attack
distributionswMch producedWe fm?cesand momentsa@led to the air-
planeby the gusthave customarilybeen ass- to be equivalentto those
resultingfrcm a rigid-bodymotionof the airplane. !chlSmethodwas
applledin NACA Report1 and otherearlyreports(ref.1) in the study
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.

of the longitudinalresponseof airplsnesto gustsend in reference2
to the calculationof the lateralresponseto gusts. Becauseof the
methodof accountingfor the effectof thepts, thesemalyses were
restrictedto the ccmsiderationof the effectsof isolatedgustsof some
s~cified shape. Mxt earlydevelcpentsin the theoryof responseto
gustswere attemptsto accountfor factobswhichwere importantin the
Calculatimlof loads. Fcm example,the calculatim of loadsdue to
verticalgustswas extendedin reference3 to ticlude the effectsof
UnSte@ ~ft and of flexlbili~.

In the em?lymethodsof calculatinggustrespmse, the analysisdid
not includesuchfactorsas the pmetration:effect(a resfitof ~
penetrationof a givengust at differenttiresby differentparts of the
airplane) and the variationof gust velocitiesalongthe fuselageand
spanwlsedirections. In recentyears,s- attaqptshave been made to
includetheseeffectswithoutchmging @e basicmthod of approach. In
reference4 an approximatemthod was Introducedfor estimatingthe
penetratim effectin the calculaticmof,longitudinalresponseto gusts
by takinginto accountfirst-ordereffects~ the time lag betweenthe
Penetiatim of the gustby the wing and ~ the tall. The methodused
was simflarto that introducedin refere@ce5 for calculatingthe effect
oflagof downwash. A similsrapplicationof this conceptto the calcu-
lationof lateralresponseto gustswas presentedin reference6.

A more realistictreatmnt of rmdcxudisturbancesin the atmosphere
was made possiblewith the introduction of a mthod d calculatingthe
statisticalrespcmseof an airplanein termsof the statisticalpr~r-
ties of atmosphericgustvelocities. Ws method,knownas statistical
dynamics,was firstappkLedin reference7 to the masummnt of the
~ttiti responseof an airplaneto mndgm verticalgwh W has
sincebeen used extensimly in longitudinalgust losdsstudies.

A theoreticalanalysisfor the statisticallateralresponseof an
airp- to gustswas givenin reference8 where, in orderto appr-te
the effectsof the span,the turbulencewas consideredto be represented
by a comblnatim of rollinggustsand side gustshavingerbitrarydistri-
butionsalongthe flightpath. With thisrepresentationof turbulence,
however,the questim mose as to the relativemagnitudesof the rolling
end side gustswhichwould satisfactorilyrepresentatmosphericturbu.
lance. ~ reference8 the assumptionwas made that an erbitrarygust
distributionacrossthe span couldbe representedby a constantanti-
symetric gradientwhichwas assuredto be equal. to the gradientsextsting
in the mrrespondingdistributionof sidegusts. E@erimntal flight
meaeuremnts of reference9 indicated,however,that the masured gradi-
ents of verticalgustsacrossthe spandi~ not agreewith the themetical
calculatimsof reference8, end the assumptionof nontsotropicatmos.
phericturbulencewas ezqployedin order to fit the theoryto the flight=
testresults.

.

.

m

.
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.
A more realistlcmethcdof utlllzingstatisticaldynsmLcsto take

into accountrsndomgustsboth alongthe fliat path and acrossthe span

1
was reported in reference3.0in outlininga =ans of calculatingthe
longitudinalrespmse of an airplane. The analysiswas consistentwith
isotropicturbulenceand requiredonly the statisticalgustdistributlms
masured at one point in the turbulence.

Therefore,with the advent& statisticaldynamicsand more realistic
means of analyzing the randomdistributionsover W airplaneas weU as
alongthe fllghtpath, the originalmethodsof treatinggustsno longer
appearto be @stified. =thermore, althoughit wouldbe desirableto
continueto treatthe effectsof gusts~ equivalentto certsdnrigid-
body motionsof the airplane,such treatmentIs not consistentwith
statisticalgust inputs. m forcesend momentscm the airplanerather
thanthe resultingmotionsera statisticallyrelatedto the gust Input;
that is, a randa distributim of gustsacrossthe span and alongthe
fuselageof an airplanewill producechaugesIn faces and nmlentsWhich
are relatidto the gust velocitiesalongthe flightpath only in a sta-
tisticalmanner. TMe purposeof this paper is to establishthe statis-
ticalrelationsbetweengust velocitiesand - forces- mcments
sffecttngthe lateralmotionsof the airplaneml to use thesefaces
and mcxnentsto camputethe hteral motion.

Ih preparationfor the calculationsof the presentreport,two pre-
cedingpapersham been published. Che of thesepapers (ref.U) con-
tafnsa msthodfor cshulating the sideforceand yawing~t on the
fuselageand tail & an airplanein continuousgusts. ~ other (ref.12)
presentsthe lateralforcesand momentson a wing due to three-Umensional

. randcunturbulencefor a nuuiberof wing load distributionsand for wings
of variousspans. Thiswork (ref.12) is en extensionof the theory
givenin reference10 for definingthe ldft on a wing due to randcm

. turbulence.

Thispaperpresentsa =thd of utilizingtie statisticalforcesand
~nts derivedin referencesU and 12 for the calculationof the lateral
motionof an airplsnein any lateraldegreeof freedomdue to atmospheric
turbulence. First,the governingequationsare derivedand the power
spctral solutionsof the motionsare gim in termsof Ilnesrairplane
trensfer functions,statisticalforcesmd momentcoefficients,and power
spectraof the threeorthogonalccxuponentsof atmosphericgustvelocity.
Generalexpressionssre ginn ar referencedfor each al?theseindependent
functions. Next,solutionsfac threealrp-s are shcwnulth trendsand
possiblesim@ificationenoted. H-y, a comparisonis made between
the resultsof the presenttheoryand thoseof ear~er theories,both by
ccmparingthe gust distributionsrequiredto produceequivalentairplene
motionand by caparing the airplanemotionsfor W ssme ass-d gust

. Charackristics.

.
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A

B

b

D

E(wg)

f

F

%

hz

~=F~

SYMBOIS

constant used in references6;
amplitudes af power spectra;

8, d
aspect

matrixof equationsof motim of airplane

plot of %2 of reference12

srbitraryfuncticmof time

Fouriertransformof a quantity

9 to indicaterelative
ratio (tableII)

kn = Un/U

pressurealtitude

height of centerof ~essure of verticaltail above
stabilftyaxis of airpl.ame:

k’ = L@

K

%

%

K=

z%

L

m,n

P

q

x
—

●

=bitrary constant

nondimensionalradiusof gyratianabout X stabili~ axis

nondimensionalradiusof gyration.about Z stabilityaxis

nondhmmiond prduct of inefiia

tail lengthmes8uredfrcm center.ofgravityto centerof
pressureof verticaltail . -. .

integralscaleof turbulencei . —

arbitrarytirmswhichmsy take On VdUeS 1, 2$ 3 . . .

roU@g velocity, # —

-C pressure
.

.

.
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- m?locity, ;

real part of c~lex quanti~

wing sxea

profileheight (seeeq. (44))

tim

particular value of tti

relatlveveloci~ betweensirpleneand generalair mass

VelOCi@ dcq X stablll~ t3XiS

veloci-& along Y stabilityexis

velocityalong Z stabill@ axis

weightof ~3azle -

threeorthogcmalstabllltysxes (seefig. 1)

coordinatepoaltionwith referenceto stabilityexes

M.ft Coefficient,*

ro12ing-nmmntcoefficient,

x~-~nt ctictent,

side-face coefficient,sideforce
@

coefficientof drsg at zero lfft

@ of attack

@ of SideSlip

effectivedihedralangle

,



flight-paw angls

EuIgle of pitch

taperratio

rel.ati’mdensiQ?
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densityof atmmphere

si*h angle ,.

ezlgleof roll

an@ of yaw

circularfreqwncy

reducedfrequency, &/u

naturalreducedfrequency

pawer spectraldensityof a function f

cross-powerspectraldensity@ functions fl and f2

crosspauer

.

.

Stabilityderivativesof airplaneare ipdlcatedby mibscriptnotation;
*

for example,
.

Slibscrlpts:

w

F fuselage

T vertical.tail

FT fuselageand verticaltall , _...—

g gust .
-..

.

.
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& o trim Ccmdftlon

j,k,m generalizedmatrixs~scripts
*

superscripts:

*

M over

Dot over

c~ugate of a complexnuniber

quantitydenotesman vslue.

quanti~ denotesderivativewith respectto time.

Malxixnotation:

II absOhte Vdlle Of a

H

rectangularmatrh

columnmatrix

LATERAL

quantity(determinantof a matrix)

EQUATIONSOF M)TIOIV

systemsof Axes and Descriptionof Turbulence

The motionsof an airplsneflylngthroughcontinuousatmos~ric
turbulencesre defIned as angulardisplacements,rates,or accelerations
abouta set of stsblll~ exes (withrespectto the generalair mass,the.
X stabili~ sxis 1s al~s allnedwith the pro~ectionof the resultant
man velocilzYcm the plane of symmetry)whose originis fixedat tie
centerof gratity. Thesestablll~ axeshave scmeman orlentaticmwtth.
respecttothebodysxesof thesirplanedenotedbythe angle ~ in
the X2-plane. !lW generalorientationof the stabi~~ axes of W air-
planewith respectto W gust velocitiesand with respectto the body
and earthaxes is shownin figure1.

At eachpositionslangthe flightpath of the airplanethe instan-
taneousvelocitiesof the localair mass,hereinafk designatedas gusts,
me instantaneouslydeflmedby threecmthogomalcomponentsof velocity
ald~ with the stabiliw =es of the airplaneat that position. h
gustsare ass-d to be essentiallyisotrapicin nature,ti theirstatis-
tical &acteristics remainunchangedremss of the motioncm
arientatbn of the airplme. This assumptionis implicltthroughout
this

.
time

.

PW=*

Rzrthermore,the assua@ion is
inwhich eachgustacts on the

made that, dmlng the smalltitervslof
airplane,the gustvelocitydws not
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_ appre~ab~. On thisbasisthe threecozponents of gustveloci~ - “
albledwith,but d qposite Stgn to, displacezu3nts alongtibestability
axes of the airplane- are functionson3y of theirspacepositionalong
the fldghtpath. With referenceto the centerof gravityof the Slrpti, _?

thesegustsare denotedby

Orientatial of the

The assumption of
extentof

~ = %(%YA

Vg = vg(%YA

’13= Wg(x,y,z)

gust axes is shownin figurel(a).

isotr~ furtherrelatesthesevelocitiesonlyto

where the bar dellOteS the

!he lateralequationsof motionof an airplanedefinedin the

-z——
Ug =v.132=%2

IIEsn value.

Systemof Eqtitions

stabili~ systemof axesare generallywelL lnm?n. Bas- on theseequa- ,
ticmsof motion,the frequencyresponseof am airplanein its three
lateraldegrees-of freedcmis-&fi-tiby the matrix

I
ff(d

$-(0.$ =

,1p(u))
I

[

&(m) &.(a) .1$(u))
[

c+)

.

?

J

(1)

M equati~ (1)the ratios @/Cz, v/~, and so forth,are ccm@ex transfer

functionsof the airplane- relatethe respomsepf the airplanein #,
v, and ~ to a sinusoidalrollinnmcmntj yawingmcment,or sideface .
of unit a@3tude. lhesemcmxutsad sideforcem fuuctionsof the gust

.
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●

velocitiesreferencedto a petit (thecenterof gravi~ of the airplane).
The necesseryphaserelationsbetweenthesefcmcesand mcmnts and the
gust vel.ocitieiat the centerd
~ess@3 C2, %, and CY S.S
gust velocitiesat the centerof
coefficientsmsy be qpressed as

gravitysre takeninto account~
caqilexqwtities. Iiltermsof the
gravity,the latersl-farceand mxment
fflows :

? (2)

In equaticm(2) the elements of the rec~ Iuatd.xm transfer
functions relat~ &e forcesand mcmentsto the sinusoidalcauponents
of gustvelocitiesof unit amplitudemeasuredat the centerof grati~.
Inasmuchas sane of theseforcesand ~nts eriseaa a resultof gust
velocitiesdistributedover the airplane,whichsre, in turnjrelatedto
the gust ccwqonentsat the centerof gravi~ anly in a statisticalsense,
thesetmnsfer functionsare likewisestatisticalin nature- are later
messed In the form of parer spectra.

*
With the foregoingrestrictionstie ccmpletereMtlonshlpbetween

the freqwcy respcaseof the airplenein the threelateralmoti- and
. the gust=kcities is givenby the =trix equation

539
Ug Vg Wg

-1

Ug(m)

Vg(d

Kg(a))

(3)

Thus, the mcmentsdue to the gustsand thosedue to the resulting
motions tie superposed.me equations of motlcul of the rdrpkme Sxe
assumedto be line= withinthe range of thisresultingmotiou.
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.

Pawer SpectralRespopse

Inasmuchas.turbulencein the atmosphereappearsto be rsndan,the ●

statisticalresponseof an drplane may, in general,be p%dicted in
termsof the power spectmildensities~ m+hn-squarevaluesof the gusts
in the atmosphere.An excellentsumary of thisfIeld of dynsnd.csis
presentedin reference13. ~cm the relykionship (eq. (3)) between the
gust velocitiesand the motionsof the airplanefn the frequencyd-n,
the relationshipbetween-se quantitie~in termsof power spectraand
cross-parerspectramy be resdil.y&f inbd.

A qyantity(hereindenoted,in general,by the s@bol f(t))which
has a rendcmvariationtith time in the range -T ~ t ~ T and is zero
els~re is relatedto its Fouriertransfam F(m) by

1
T

F(m) = ~ f(t) e-m dt
T

where,in turn,

(4)

—

(5)

The puwer spectraldensi~ of the quantityis defined(see,for
exsmp~, ch. 6 of ref. U cm appendixof ref. 9) by

Of(u) = Mm ~ F*(u)F(Lo)
T+m T

where asterisks

and the term &
T

positivevalues

when

.

.

sre used to denotethe camplexco@gate of a quantity

indicatesthatthe spectrasre symmetricaland @

of m sre consideredwhen takingthe averagevalue.
—

..

When two relatedquantitiesare masured concurrently(forexazmle,
the yawingand ro~ mcmentsdue to each gust ccmp&6nt are - -

.

.
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*
nEasurM at the seinevaluesof time),
dsts betweenthesetwo qutitles.

. thesetwo quantitiesis definedby

Xl

a cross-pawer specixsl density

Where the flrequenqccmtent of

.

L
T

F1(OY)= ~ fl(t)e-= dt
T

F2(~)= +~ ‘f2(t)e-ti dt
T

I

the cross-power Spectml densityis definedby

F1*(CO)F2(LD)

or

= @f~f2*

(7)

(8)

* - significanceof this cross power lies in the fact that,if W quan-
titiesare related,a certainInterchangeof energytskesplacebetween
thenlandliheamountof this interclmmgeis definedby the cross-p-r
spectrum.

b the specialcasehe F1 and F2 are the same functionand

arenotremcwed intdmem space (thatis, f~(t)= f2(t)), equations(6)
and (8) are identicaland the crosspauer of f with itselfis, in
fact,the power spectrum.

-se definitions~ be found in most -8 - in a nuniberof
m~rs on p-r sl?ec~~ _sis, _ _ references9, 13, and 3.4.
On the basis of the mcedlng .discusshn,it may be shownthat if each
ccxagilexequatlm of the systemdef~ by equation(3) is multipliedby
its co@gs%e equation,dividedthrou@ by the quanti~ T, d the.
limitas T+ takenon both sidesof each equatlcm,then the system
of equations,by definition,is in the power spectralform. The puwer

.
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spectra - a-oss-power spectiaof the Verla>lesmay be recognizedd so
denoted,the spectraand crossspectiaof the gustvelocitiesbeing
unknownvsriables. An exampleof this ~ation is shownin appe- A.

~ usingthis or any othersuitablemethtiof power spectialsmaly-
Sls, the system ae equation (1) ~ be defined In * of pareralxl
cross-power spectral densitiessuchthat

H
*2

K

A2II%

where 2R meEUM twice

On the right-hand

+2Ei

the real part of

side d equaticm

two matricesi= the catributicn-ofthe

(9)

.

.

the productof the two matrices.

(9), the poduct of * first
power ~ctra of the forcesti

mcments,and the productof the second& msxricesis the contribution
of the cross-powerspectrabetweenthe

:
momentsand forces producedby 4-

any one gust caponent and alsothe crosspowersbetweenthe forces-
momentsproducedby any two gust components.The powersand crosspowers
M &e forcesti mawnts may, in tuzm,be relatedto the pouersend cross ‘
puwersof the gustvelocities.l’hso doing,a greatsimplificationis
obtainedwhen atmosphericturbulenceis consideredto be isotropic
withinthe freqwncy rangeaffectingthe resp-e of the sAr@ane.

~ virtue of the assumptionof isotropichomogeneousturbulence,
the @8SiIlg between the ug and wg c~anents and the Vg and

wg c~onents is unrehted and the cross_ ti the c~cments Is
zero. The phasingbetweenthe two gust ccuponentslyingin the XY-plane
of the air@ane, that 1s, ug snd vg, is unrelatedwhen theseveloci-
ties are measuredat a givenspsmwisestatlcm(f= exeqple,alongthe ._ _
airplanecenterIlne)but is relatedwhen ug at one spanwisestation
iS comparedwith Vg at anotherspenwisestatim. Eowever,the effects

.

+
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of the cross powerbetweenthesetwo
imsigntficant,@ $zsttflcatlonfor
sequentsectia. Kllnu3,

13 .

caqmnents me assuredto be
this easlxqpti.on16 made in a slib-

Qu#gm = %gwg(d= %g%(d “

the matrix relationship
By the IIEMloaor DIultqy.ying by the.conjugate

of equatton(2)is defined
spectraby

o (10)

and tddng the UIELts,

inthefarm of power

1

(SL)

EUu3ctseby moss-multiplyingthe equationsin the matrixof equa.
tion (2)to conformwith the definitionof & cross-powerSpectrm, the
crossspectrabetweenthe forcesand mcmnts are givenby the matr2x

A proof of the relationshipsof equations(U) snd (U) is givenin

(1.2)
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CorrelationBetweenAirplageComponents

Generally, a force or moment acting on or aboutthe centerof
gravityof the airplaneis he to the penetratia of the gustby each
cwrponentof the airplane,and the correction or phasingbetweenthe
develugmentof theseforcesand mcxnentsntustbe included. Cm@ete
generaUzatlonto all possibh cabinatl’bnsof ccmponents would lead
to lengthy~ unnecessaryexpanslmsj hawever,sJ3.liftingsurfaces
whichmightreasonablybe expectedto contributesignificantlyto the
lateralmtiondt lleairpllxleaswellasthec mpnents of the gust
velocitythatwill significantlyinfluencethe forcesand mcmentson
theseliftingsurfacesare inccmporated.For someunusualconf@ura-
tionwhere otherliftingsurfacesare thoughtto be important,the
methodof includingthesefactorsis clearlyindicated.

The forceand momentcoefficientsw~ch includeonlythosefunc-
tionsdeemedpertinentto the lateralmotionof the d.rplaneme defined
by

Cz(ug,vg,wg)= (@W(ug,vg~wg) + (@T(vg)
1

C-n(ug#vg$wg)= (Crl)whg,wg) + (Cn)m(vg) } (13)

Cy(ug,vg,wg)= (%+T (%) , ,,.

h terms of the ccmqd.ex force andmomentderivatives,the farceand
_nt matrixIs thus definedby

\

()C2 w

( )Tcl

(kCn >=

b) m

[%)3?T

%3

Vg

‘g

?“

.
. .._ .

v

(U)

.-
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~ the same method as was applied to equation(2) to obtainequa-
tions (U) end,(12)(multiplyingby the comjugateand takingthe
Umits), the power s~ctra and cross-power spectra of the forceand
mcmentrelationshipsof equation(lk)sre immediatelydefinableas

.

.

()cl w

()%T

(%)w

(%)m

(* m

%zhfm)T

‘(%)w(%ahr

*(~lhf@a)R

+(CZ)VWJT

%zh!(%)w

‘(%)9WIJJT

‘(CIMW)BT

WnM%Jm

‘Ckh’@rlm

‘Oalh?mr)m

.

IIcl 2

%W

o

II
52
Wgw

o

0

MlicJ*~
%

o

0

0

0

b

o

0

0

(WLc
o

o

0

(KMaJ*~
v %

o

0

0

0

0

0

0

0

%

,1

%g

%g

(15)

(16)

.

.
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includingthe
lateralmcments~ forcesdue to the ~bus llfti& surfaces& the
airplane are similar to thosegivenin equation(9) iilththe quantities
definedin eqpations(15)and (16)inserted. When the left-handside
of equation(15) is denotedby {~~ and tbe left-~ sideof equa-

{}
ti~ (@”s ~ @~@ j~ ~ cqte re~ti~s~p iS mf~ ~

where ~ is @, ~ ts *, and so forth. The complexforceand

~t derivativescontsineiLin eqpation(14)were derivedin such a
maunerthat the phaserelatiamshlpsbetweenthe Iltauentssad the gust
disturbancesare givenwith referenceto gustsact

5!!
at the center&

gravi~. For this reason,the trsnsferfuncticms i =e thosegiven
c~

in equation(1). As an illustratia,the totalresponseof the aimlsne
rold is obt&ed in the followingf&n:

+

(&)&* qqJm(w)m +

Other *grees of freedan IIW
the appropriate synibol, such

3 zeroterms
.1

be
as

(17)
J

obtainedtiectly by replacing @ with
*orp.

in

.

.

.

.

1



NAGA m ~54 17

. m substitutingin equation (17) the expressions fcm the power ad
cross-powertermsof the forceend mcmentsfrcm equations(15) ad (M),
the motion is definedin termsof the gustvelocities:.

(lE))

.

.

where

a’= 1+121%$+ la’ %l:+’Rpwaw(*Y’] ‘1’)

+

H’=H’lw+H’l=i+1$121=?!1:+la’l=%+

“$2(Z1 32+(%HFT(!S$

[=3M?T+(3$%)!’T](’)%+

[aM@’T+FMaF’T](%’)%}
(20)

1

Kllms, the responseof the airplanein my degreeof freeda depends
on the power spectraof the threegust cauponents, the eight ccmplex
coefficientsof eqpation(14)which relatethe gust velocitiesto the
forcessad mcments,am3, for each degreeof freedcnu,the “threecomplex
trensfer functionsrelatingthe motionto a sinusoidd roUlng mcmlezlt,
yawingmcment,end sideforce of unit a@itude. !thesecoefficients,
trsnsfer functions,and power Spectiaare definedin subsequentsections
of this paper.

.
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TransferFunctions .

Zhe lateralequationsof motionusuaUy acceptedfor the rigid
_cs of ~ ~rfr- f~ W* nonco~pllngwith the longitudinal mode ‘
end all assu?@hns associatedwith smallperturbattcmsabouta trim
ccmditlonare VsUd are givenby the matrix

[
+P D-CL

(22)

—

(23)

~ solution,in ternsof the rollingmoment, yawing mcmmt, ad side
forcemsy be foundby m?!thodsof opera~i@ calculus. One mthd is. .
used by Kkrzycki in reference15 where,exceptfcm * signof K=,

the identical equatime of motim me usedbut with
-—

mcuuentsfrom
aerodynsdc-contiolsurfacesas forcingfunctions.

.
Anothermu of

solutionis throughmatrixalgebrawhehethe solutionas givenby equa=
tion (1) is of the form

where

(24)
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.0 The prime denotesthe transpose of the matz’ixB. Such a EEthodis
foundin refererlceM d othertextson matrixalgebra. !Qm solutton
by eithermethodgivesthe camplextransferfunctionswith real constant.
coefficientsof the powersof D. Witi the ccmmond.enominatcmdenoted
by IB I (equivalentto fi of ref. 15), the transferfunctions-
givenby

(26)

(2’7)

(29)
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.
h additionto the angular-displacemnttrsnsferfunctionsgiven

here,the responsein termsof the derivativesof the angulardisplace-
. mentsmsy be obtainedby muHipI@ng both sidesof equations(26)to (34)

by the operator D. For example,

F& the frequencyresponseof thesetransferfunctions,the operator

D =~d~==; lm=im’ (37)

where m’ 1s the reducedfrequencyin ternsof radiansper spm length.
Thus,the transferfunctionsrelatingthe dynamicsof the sirframeto
the lateralforcesand maents ue obtainedfrcm the inertialcharacter-
isticsand stabili~ derivativesof the airframeunder steadyflow con-
dlthns (thatis, nonturbulentflaw corditlcms).

Cwrp3exMcmentand ForceCoefficients

The momnt and face coefficientswhichrelatethe ro133ngmoment,
yawingmcment,and sideface to a sinusoidalgustvelocl@ of unit. maximumsqlitude acthg in planesof (butof oppositesiguto) the
referenceaxes of the airplaneare, in general,frequency-de~ndent,
and only theirstatisticalaverageproprties are definable. Their.
derivationiS based on generalizedkZlllOdC -SiS and basic aerO-
-C *V- Where the derivation is lengthy, only the results of
referencd papers are given a indicated. Furthermore,only thoseeight
coefficientsnecessszyto equation(14)em defined. AH othersexe
consideredas havbg smallor negligibletiluence on the results.

RolJdng mcments.- Four contributionsto the rollhg Mcmlentonthe
airplaneare c-idered. They are the rokg mmentofthe wing due
to all three caqmnents of gustvelocityend the roUlng mnmsntdue to
the side gust actingon the verticaltail.

Sk reference12 are derivedthe pmrer spectialdensitiesof the
roUdng nmmnts of a wing in isotropicturbulencedue to horizontal,
vertical,end side gusts (thatis, the threecaqponentsof gustscm-
sideredherein). The theoryconsidersrandm turbulenceacrossthe span
as well as alongthe fll@t path, end the resultsare givenfor several
span-loadingdistributionsand for a rangeof valuesof the ratioof

.
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span lengthto the integralscaleof atmosphericturbulence. me parer .

spectraof rollingmomsntgivenin reference12 are not repeatedherein
but sre simplyrelatedto the notationof thispaper: .

(*)

(39)

For the sidegut Vg, the randcunvariationslomgthe fli@t path
was assumedto be uniformacrossthe span,an assmption that is partic-
uhr~ validfor ai~kMS hati~ wi~- 10& due ;0
tratedover a smallregionof the span nesr the Plane
an

is

assumption is E-–se made here-h, so that -

(~~= +pz,)w

assumed to be Independentof frequency.

sldeslLpc&cen-
Of symle~. Sudl

(40)

The vertical-tailcontributionto the rollingmamentis definedby

.

.

and, hence,

(%)$)“[M’w%$]e-i(’w’u)(41)

Thus, the
from the known
rolling mcmmt
power spectral.

rolddng moment due to side,gustsmy be directlycalculated
characteristicsof the airframeIn stiU dr, and the
due to horizontaland yerticalgustsmay be obtainedin
form frcm the plotsof reference12. The factthat the

real end Imaginarypsrtsmsy not be ascertained for the rolllng moment
due to ~ and wg components is shownto be irrelevent~that is, the
real sud imaginaryparts,as such,are“not”necessaryto the calculation
of the cross-powertermsinvolvedIn calculatingthe responseof the
airplane.

.
.

.

I
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. Yawl.ngmoments.- The yawingmcmentsdue to the ~

nentsof the gust me primsrilydue to the unsyzmnetrical.

23

Emd Wg ccmpo-

distributionof
. thesegust V&cities acrosstti span of the wing. Sincethis unsymmet-

ricaldistributionis the s- characteristicof turbulencethatproduces
the rollingmment on the wing, the yawingmcmentmay be fairlyaccurately
related to the rolllng mxnentthroughaerdynsmtc relations. As given
in reference12, the ~ressions for the yawtngmcmentof the wing due
to smallhorizontal-h vertical-gustdisturbancessre

.

.

(%).(”’=(*).(:).’”’

(%)W(”) = (5).(%”’

(42)

(43)

where ~r, C7D, and so forth,sre stabillltyderivativesof the wing

only at the trti (mean) angle of attackof tie airplane-, as such,sre
not functionsof fraquency. Any yawing~ts of the ti~ due to Side
gusts sre neglected.

The yawingmpment of the fuselage and vertical fin of sn airplane
due to penetrationinto side ~ts vg has been derivedin reference11
by usinga simpleprofileshapeto definethe lift distributionover the
fuselageand verticaltail due to sinusoidalsida-gustcomponents.As
given In referenceU,

() {b%(.)=&3?# “+
Vg FJ! Q

(X2- xl) (q - E&
(~ - k&

— —

) -iko
iko2 + i2 e

1
-i2+

where ~, xl, x2, so, and S1 sre geometric

profileshapeand frequencyappesxsin the form

%=?

(44)

dimnsions of the

(n = O, 1, 2)
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.

For any givenfllghtccmditicmfor whichthe exactvalueof %B

Is Imown,it is rec~ in referenceU. -Mat mall XUstmnts ii
the profileshapebe made so that at zerofrequency

.

u~‘g F&o) ()=@lp~

Side force.- The sideforceon an airplanein gustsis considered
to be primarily due to the effectof sidegustson the fuselageend
verticalfim (theprofileshape)of the.alrpl.ene.~ usinga sinqile
pmofileshapeand slender-bodytheoryto definethe ltftdistribution
overthe @e@e end verticaltail due to sinusoidalsidegusts,the
sideforceper unit sidegust as derivedIn reference11 is

(w”’=+%[’-“-i@)elbl+(HY[e-’
(1 - ikl + i~)e-i% 1} (45)

wherethe notationis definedin the Pecedhg section. Againit is
reccumendedthat smsU adjue~ts be made in the representativeprofile
shapeso that at zerofrequency

where
()
% is knownfrcmlfllghtm wind-tunnel
pm

fldghtCcmditions.

— —

testsfor the desired

PCWER SPEK!TRAOF GUST VEIOCITY

As discussedIn ref~ce 17, tie relatkashlp (corz&lation)between
gustvelocitiesEasured at two points.in Isotropicturbulence~ be
completelydefinedin termsof tbelrIate5aland longitudinalcaaponents
(componentsmeasuredperpendicularand parallel,respective-,to the
vectordistancebetweentwo points). As treatedherein,the atrplene
sensesonlYthe lateralc~onents of the vg and wg 6ustsandboth
the lateralend l.ongitudlnalcaqponentsof the ug gusts. (seepreceding -
sectionand ref. 12.) .

I
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BOththeoretical=thods (ref.17) end flightmeasurements(ref.18)
have shown that the followingexpressionapproximatesthe spectrumof
laterslcqnents of turbulencein the atmosphereover the frequency

. rangeeffectingthe dynamicresp-e of an airplane:

Its horizontalcounterparthas the spec-

,

where ki = # and L is the integralscaleof turbulence. !lhe

value 2fiLmsy be consideredan apprcudmatemeasureof the average
eddy size in the turbulence. The data of reference18 furtherindicate
that L is on the orderof 1,000to 2,~ feet,and probsblycloser
to 1,000feet.

.

.

The foregoingexpressions,ha- asymptoticlo~itbmic slapes
of -2 for valuesof k’ q =, were first suggestedin reference19 on
the baais of wind-tunneldata and have sincebeccmegenerallyaccepted
as reasonable~essions for definingthe puwer spectraof lateraland
longitudinalcmpnents of isotropicturbulence. Therefore,these
expressionsnormalizedby the mean-squarevaluessre usedhereinas the
basis for cakziktionsinvolvingthe Cmpments of atmosphericgustsas
sensedat the centerof gravi~ (pointspectra):

where
—— —

‘%2/32=“62=V

(46)

(47)
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b the cd.culatlcmsof reference 12, whichinvolvedthe gustssensed -
by a wing havingftiitespan,equatims (46)and (47) were Ilkewise used
so that the data of reference32 end ~s paperare in accordas to the
spectraof gusts. However,equation(47), as such,is not used directly

.

in thispaperend for this reasonon~ equation(46) is plottedherein.
The variatirm of equation(46)with k’ is shawnin figure2.

Iateral

The equationswhich

APPIJCATIOIVOF ME!I!EOD

Responseof ThreeAirplanes

definethe power‘spectialresponseof an air-
planeto atmosphericturbulence(eqs~(18) ‘%0(21)) ha% been applied
to threeairplmes of verylngsizeand wing span. The fllghtcmditlons
end st~ill~ derivativesof & exemph airplanesare givenin table1,
and some~slcal dimnsions necess~ to the cslcu.lationof frequency-
dependent forceand mment coefficientare givenin tableII. Scme of
thesephysical~nsions requirereferenceIl.for theirconcisedef’ini-

.

tlm (s0, 81, xoj xl} - X2)●

~ using the data presentedIn tsble-1,the la?ensferfunctionsof
eqpations(26) to (35)were calctited. For discretelychosenvalues–of
reducedfrequency cot,the in-&ase end out-of-@base(realand imaginery
parts of the transferfuncticm)componentswere evaluatedwith a relsy
ccaqmrter.Carewas takento chooseas one pointthe naturalfrequency
of the Dutchrollmode.

By using the data of tableII the caplex momentand force c--
ficients(eqs.(~) to (45)) were evaluated at the samevaluesof fre-
quencyas were used for evaluatingthe trensferfuncticas. The rela-
tionship

.

.

C&l~1=—.
u

was used to relatecircularfkequencyin radians per second to reduced
frequenq in radiansper span. The evalu@ion of certainof thesecoef-
ficientsrequiresfurthereqlanaticm.” —

The variationsof
(6)
%

()
~ ~ (eq. (44))and ~ ~ (eq. (45)) with

frequencyare plottedIn the figureso~ reference11 for the examph
airplanesof thispaperwith one adjuqbent: —
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.
The designationof exmgpb airplanesfor thispaper and referenceII is
consistent.

.
The two rolling-ad two yawing-namsntcoefficientsdue to Ug

d Wg components acting on the wing were taken dtrectly from the

figures of reference 12. Sincethesefour complexmomentcoefficients
representthe spanwiseintegrationof the power spectiaof the horizontal
and verticalgust components,they appearin referenceli?only in the
form of the absolutevalue squared,whereasequations(19) and (21)
appearto reqtiretheirred and imaginarycompcments.Eowever,by
substitutingequation(42) into eqmtim (19),the ~ession for tie
motiondue to horizon&l gustsbecomes “-

—

and since

2
Z*Z = 12I

the equationbecunes
(

#2II—=
Ug

L

where onlythe square

product

+IN%I+=[(3M’’:])x ‘M)
(bcl

of the absolutevalue of
5

appearsand the

2

: #%
= ~z (dueto horizontalgusts)

is plottedIn figure9 aE’referenceU.

Ih the parallelevaluationof thetitiandue to verticalgusts,the
substitutionof equation(43) into eqmtion (21)yields

11[1$2 $—=‘K q



28

wherethe product

mcA!m 3954 “

is plotted in figure7 of referenceE.

Inasmuchas the figuresof reference12 ere plottedagainst k!,
the relatimshlp

~,=cm (it) 0)’—u—a—
u $W: B’

where

pl m

was used in the compatiblechoiceof
wing spansbetweenthe threeexempla

bA:~:bC =

the valuesof ~i were takenas

b
z

frequencies.Sincethe ratioof
aiiphes is on the orderof

1:2:3.3

which correspond
rec~ span

~’A = 0.033.25

P’B = 0.0625

B’c = 0.103

to a valueof L on the orderof 1,100feet. A
loaddistributionwas“usedfor airplaneA sad elliptical

.

.

.

.

span loaddiEtmibutionswere used for airplanesB d C. !lhischoicewas
a matterof conveniencesincethe plotsof reference12 =cate only a
minor effectdue to spsmloadingdistribution.

Tbe power spectialresponsesof the airplaneswere completelycalc-
ulated in threedegreesof freeda, ~, ~, and j3,by usingthe puwer

.

.
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.
spectra of the gust ccqonents givenby eqution (47). Angular dispkce-
ments of the sirplsnesare shounin ffgures3 to 11 as follows:

.

Airplane M@l= displacement

#

A *

B

Figurenuder

3

4

5

6

7

8

9

10

u-

h the (a) parts of f@ures 3 to 11 sre plottedthe threeccauponents
ti the sum for thatpsz%iculsrangulardlsplacem3ntas expressedby
equation(18). As mav be seen from these figures,in none of the cases.
considereddoes the u cmrpanentof gust velocitycontributeperceptibly
to the resulting*ion. !therefore,in the (b) psz-ts of figures3 to U

. are plotted the relativecontributionsto the motionof the termsdue
Only tothevtiwc cmponentsof the gusts. me (b)~ of each
figurethen is a pint of eqpatlons(20)- (49) (where eq. (49) is a
modifiedform of eq. (21))d, as such,does not includeany power-
Spctrum *. For instance,the threecomponents due to vertical
gusts wg shownin each (b)plot have been s~, multipliedby the
power spectrumdefinedby equation(39), * plotted In the (a) part
of each fl~e. 93M3ug and Vg contributionswere treated13kwl.se

with the exception that the components due to ~ me not plottedin
the (b)part of each figure.

l?lgures3 to 11 are plotted
of the end resultswithoutundue
tudes of the contributingfaces
the (b)~S of the figuresmay

.

hlthismamler to permit observation
ccmp13caticm.When the relativemagpi-
and manentsare of particularinterest,
be studiedmore closely.
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Sincein orderto obtain

Wg componentsme multiplied

multipliedby C& It should

figuresthe unitsof the wg

‘6 componentshave the units

The B responseplotted

the (a)

w l%
be notei

NACA !I’N3934

partsof thesefigures,the
2
~@wg ~ W Vg c~cnents

that in tie (b)parts of these

ccxuponents2em dimensionless while the

($%3 “

h figures 5, 8, and IJ-is the angular

.
.

.

.

—

dlsplacemntwith respectto the generqlair mass (thatis, stillair
or fixedaxes)snd as suchdoesnot Includethe displacementwith respect
to the localair mass (gusts).

Fran these exsmpl.e cases and figures, conclusions may be drawn on
characteristicsof method,trends,shd furthersimplifIcationof the
calculationsend a ccmparisaaof resultsficm o-r ~ti~ ~ _sis .
may be made.

Analysis

Characteristicsof the method.- ~ applyingthe uthd of this
paper,severalcharacteristicsappesr to be worthy of special attentim.
!b firstof theseis the Importanceof calculatingthe responseof the
airplaneat the exactfrequencywherethe @tch rollmodehas a msximum
sn@ltude. Sincethe Dutchrollmode is generaldylightlydaqpedand
the squareof the amplitudeis requiredin the calculations,the puwer
spectralrespcnseof the sngulardisplac-nts of the airplanewill
genera13yexhibita sharppeak in this.freqyencyrange. Enoughdatum
pointsshouldbe calcdated in this re~on to insurean accuraterepre-
sentatim of tie response.

A secondcharacteristicof the methodis the inaccuracyof equa-
tion (20) as a + O for the @ and V modes of motion. The reason
for this inaccuracybecms apparent when the equation relating #

(5U
●

—
.

.
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Is written in We form

~ firsthdf of equation(52)naw representsthe

%
$g

+

(52)

steady-stateresponse
to a uniformchangein eide‘tit over‘tieairplane. The-secondti
representsthe additionalresponsedue to the nonuniformdistribution
of the gustsover the airplane. E the fre uency-dependentexpressions

for the transferfunctions +, & ,Snd J
F

as givenby equations(26),

(29),~ (32),res=cti~~, me smstftuted into equation(52)md the

coefficientshavingthg ssmepowersof m sre grouped
(
~(o) may be

~ti)

Pg
expandedin the fcmm , the coefficientof the lowestorderpower

m=l
of m in the numeratormay be shownto be identicallyequalto zero.
Im the numericaleval.uatimmat low frequencieswhere tie lowestorder
termsof equation(~) (orthe squareof the absolutevalue of eq. (~))
sre predominant,smalldifferencesbetweenlargenmibersappearunless
thesetermsare canceledbeforehsnd. Sincein the presentmethcdthis
cancellationis not convenient,a scatteringof calculatedvsluesfor

1 W * beginsto occurat acme frequencybelmw that of the Dutch
‘8 ‘g
rollmode. However,sincethis scatteringoccursonly as L

Vg
ti+

approacha constant(at (o= O), this constantmay be evaluatedand the
curvefairedto that value. =- figures3, 4, 6, ~, 9,
fairingis denotedwith dashedlines. b the range of
the responsein @ ad W due to Vg is falred,the
the threeairplanesis due almost entirely to the Wg

gusts .

and 10 this
frequencieswhere
totelresponseof

c~onent of the

l&fectof trim ar@e of attack.- h analyzingthe motionsof tile
threeexmnpleairplanes,the effectof smalldifferencesin trim-llft
coefficientsor trim anglesof attackappesrsto be hportant. Although
the trim an@3s of attack for all threeatrplmes are low, theirrela-
tivemagnitudesare

B:A:C= 1:1.36:2.50
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!llms,airplaneC wasatsnewle ofattack fimtwototm - ahdf .

tiresas greatas airpknes A and B. The stabilityderivativesfor the
wing alonein incompressibleflow are functions
hence,13ft coeffLcient)of the order (seeref.

c~ = constant.

Cqpa

C~aa

%“”2 ~ CM

of angleof attack(end,
20):

.

The effectof increasedangleof attackon the ratioof yawingmomentto
rolJingmcmentmay be seento increaseby

%?z==
!lheseratios mW explainbends suchas that shownin the caseof atr-
planec for which the responsein V and p to wg at m hi@er

—

frequenciesis primarilydue to the abill~ of Wg to produce yawing

mcamrt, whereaa fm airplanesA ad B the responseIs primily due to
the abilityof wg to producerollingnqxmmt.

Effectof horizontalgusts.- While thereis, in general,sanecross
.

power (orcrcxscarehtion) between~ two velocityccaponentsmeasured
at any two points in the turbulence,only thosec~onents ly5ngin the
XY-planeof the airplaneare ccmsideredhereinsincethe Z-gradientsof

.

the gustsare unimptiant to tie ~rp~e. .me airplanewill,however,
sensetie correlationbetweenthe ug componentacting at one point m

the wiw (at anY instant) and the vg cqent act- at s- o-

point on the wing or vertical tail (a vortex effect). It is the addi-
tionaleffectof this correlation that Has been neglected In the methcd
of this paper. While th.ls correlation is probably small, the fact that

~ has a neglW.bk effect on the airplanes considered is reason enou@

for mgkcting any cross-power effects involting ~. In c-es -e

the Ug c~ent of gustsdoeshave a ,prc&mumedeffecton - ~he~
the contributionof the crosspowermustbe determinedor furtherjusti-
ficationbe made for neglectingit. ,

Responsecharacteristicsof exempk airplanes.- !Jhecalculated
lateralresponsesof alJ.threeexampleairplanesexhibiteda numberof

I
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.
characteristicsin ccuntnon.Mst importantof thesewas the totsltitan
in each of the threedegreesof freedom.

.
~ each case

fre~uencles,vg
frequencies.The
mari~ to wg at

the responsein rollwas due Pimari- to wg at 1~
near the Dutchroll frequen~~ - wg at ~ ~8her
respmse of the example.alrplanesin yaw was due pri-
v low frequenciesand due ~lmari~ to vg at the

Dutchroll end higherfrequencies.
exsmpledrplanes was due ~ly

spectrum

Slmpllfkd

The responsein p of the three
to Vg throughoutthe frequency

Equaticms

Based on the threeconventional~le drplanes, certainsigplifi-
cationsto the respcmseequations(18)to (21)appearto be justified.
l?orthe low trim lift coefficients(oranglesof attack)investigated,
the effectof the horizontalgust (~) was not discerniblein any of
the threemodes of motion ((a)psrts of figs.3 to 11) and could have
been neglected. Furthermore,in everycase iwestigated,the effectof

sideforcedue to sidegusts
()

%~ was negligible((b)parts of f@a. 3

to 11) apparentlybecauseof the magnitudeof ~p and the magnitudeof

the I ~, and ~ transferfunctionsfor the eXSDlpkELirPklleSj
%’%%

huwever,theseordersof msgnltude=e ty@cal of most present+
. airpknes. otherparametersappmm to be negligiblein S- cases. When

computingthe responseof the airplanein sideslip,neglectingtha effect
of Wg as well as tht of ~ appeexsto be justified. Althoughfm sm.

%cases,for ~le, slrplanesA and B, the effectof ~ a-s to be of
8

smald.-r in all males,this effectis not genera13ytrue,as is shown
by alrplalec. As pointedout in a precedingsection,the responseInw
StdeSlip WES due ~ki~ to Vgm

h general, then,the precedingdiscussiontiadsto the shupl.lf1-
cationof equations(18) to (~) as foti, where # msy _ be
replacedbyanyof the lateraldegreesof freedmintkfm ofmgular
displacements,velocities,or accelerations:

(53)
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(9+)

(55)

COMPARIS(MC@ METHODS

Both airplanesA and B have been anilyz&din otherpqers (refs. 6
to 9) at the samefli~t conditionas &t usedhereinfor theirresponses
to atmosphericturbulenceby usingmethodswhichtreatgustsas equiva-
lentmotionsof the edrplanein stild.@. Thesegustsare denotedas

aw-
9side gusts pg,rolllnggusts D@g or ~s - Yam 6usts ~g ~

aug

x“
TIM ana&sis of.eirplaneA givenin reference6 is basedon the

pcirerspectraderivedfrom the analysisof reference9. Although the .
analysisof reference6 aI.soincorporatesa refinemnt by considering
the lag of the verticaltail ~netrating the gust,the effectprovedto be
negligibleon such a smallfast sirplane. Sincein this analysis(ref.6) -
the rollinggust tiected only tie wing, a comparisonwith the enalysis
of thispaper (wherethe verticalgust likewlseaffectsonlythe wing)
may be made. KIMerefwe,a comparisonis made hereinby usingalrpl.meA
to-illustrateany clifferencesin the resultsof -Ehetwo methods.-

Cmuparismlof GustPowe~ Spectia

Sincethe pcmer spectrumti the vg componentof atmosphericturbu-
lenceas used in references9 and 6 and-that used hereinhave in common
an asymptoticvalue of k-z at largevalues (relativelyspeaking}of k,
the srbitraryconstant A, givenin references9 and 6, is assigned a
valuesuch that the referenced vg s~ctrum and the vg specirumof
thisreportare asymptoticallycongruent.With this same constant,the
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.
.

spectra are compared, d sll comparisons of the cslcu-

of airpleneA sre llk.ewisebased on this same constant.

is compar~k to that shown in figure 4 of reference6 exceptfar a
Constsmt. That 1s,

where

Plottedin figureM? sre the
and &at of reference6 with

(57)

(%)

side-gustspectrumgivenby equation(~)
the constsnt K of equation(~) giventhe

72~K=T (59)

in orderto get the agreementshown. Sinceboth spectrame multiplied
by the factor L, this agreementis indepemientof the choiceof magni-
tude for L.

Roll+ng gusts.- Sirdlsrly, the power speclxumof rolllnggusts I@g
used in reference6 maybe ccmparedwith the power spectrumof ro131ng
manent due to verticsl gusts as given
Since

then

in refwence 12 and usedherein.

-~D# (60)

%6=*% (61)
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and for airplaneA, underthe ccmdlthns can.sideredherein,

@CZ(k’)
where E(wg) is the curveof

/
2 ~3fi

for pI = 0.03125 fl’cal
71C ~

reference1.2,figureT(a). ~ %@K is mss- with 121eSm mrmalA-
zationusedfor the sidegust (seeeq. (56)),then

(62)

Equaticm (62) is plott43din figure12 togetherwith the power
sPsctmnn of *K givenin reference6 again

T

tith

(63)

Sincetti spectraof reference6 are tie same as tiose given in rtier-
ence 9 exceptfor a sk@ht differencein frequencyrange,no clifference
is shownin the plotsexceptthat the rahge’of data of reference9 Is
denotedwith tdcks. .

Likewiseshownin figure12 is the spectrumfor rollinggusts
as predictedby Wcaulne in reference8. !I!hetheory is based& the
assumptionthatthe variationof verticalgustsacrossthe span (&g@y) -
can be approximatedwith a cmstant gradient(a llneervsriation)end has
as a spectxum

r

whichfor smallvaluesof tD reducesto

>(CD) = %&L@
by

1
2

Cos%.—
Q
m

(64)

(65)

.

.
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Based on this theory,when co is less than the frequencycorre-
Sp011di~t08 W8V@3@hOf L (avdueof L ofl, x?8feet usedim
fig. U), the vertical-gust spectrum will.beccmea constantand the.
*@y spectrumtill fa12 off to zero at the rate of a)2 as 0
approaches.zero. ~s resultis denoted@y dashedlinesin fIgure12.

At the higher frequenciesshownin figure=, the calculatedspec-
trum of refemence8 predicts ahmst no attenuationof ro~ power af
the wing with frequency. The spectrumaP t& same quantf~ according
to references9 -6 WOUM ~-ct sn attenuationfor - wing of air-
phe A, the attenuatim beglnnlngat about8 radians/seewith the power
fa~n off rapidlythereafter. The mare Comprehensivethearyof refer-
ence 12 showsa more pronoun- attenuationof poweruverthe plotted
frequencyrsngealthadghall themies have approximatelythe samevalue
at the frequencycorrespondingto the value of L.

On the basis of this comparison,the conceptof constantgust gra-
dientsacrossthe spanwouldappearto be insufficient,despitethe

()agreementintheregion of the breakfrequency m=~. Themoreccm-

prehensivetheoryof rsndaugustsacrossthe span~cts no attenuation
below the breakfrequen~ suchas is predictedby the theoriesof refer-
ences9 and 6. At frequenciesgreaterthan the breakf&eq-cy, the
&tenuation predictedby the two theoriesagainbee-s inconsistent.

CanpUism3 of IateralResponsePower Spectra

.
with the assignedvaluefor the constant A givenby equation(63),

tieresponsesofairplaneAi.n ~, $, and ~ dueto pg and D@g as
. cd.culatedin reference6 (fig. M)(a))sre plottedin figures13(a),(b),

!$
and c), respectively.Also replottedin figure13 are the responses
in , ~,and ~ ofdz@amAdueto Vg 8nd Wg asobtained by the

more comprehensive metti of this paper (~ of ref. 6 is equivalent to

~ of thispaper). sincereference6 did not considerthe ~ caqanent
of gustvelocity,no comparisonis made of-the contributionof this
component. Fll@t conditias are the sam In both cases.

h reprahd.ng the tiquency-response~tions of reference6,
the calculatedtransferfunctionsof ~~g were foundto be in error;
owever,this error did not affectthe conclusionsmade therein. Theh
power spectralrespmse of ($)@= shownin figure13(b) has therefore

been correctedand plottedf= a ~mewhat largerfrequencyrangethan is
givenin reference6. h the extetiedfrequencyrangethe @g spectrum

. whichW- be prwcted by equatiom(65) is used.

.
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At tie lower frequencies the dlffex%mes in the response of the
.

sirplane due to side gusts w calculated by the two methods are &m
princi~ to th& differences in the spectra of side gusts used by the
two methcds, as shown in ftgure 12. In the intermediate frequency range -
where the Dutch roll mode is predominant, a large difference In peak
mplitudes Is Indlcatd by the two methods. This difference appears to
be due to failureto evaluatethe transferfunctionsat the exactfre-
qtincyat whichthe Dutchrollmode has meximumfrequencycontent
(W = 3-16r~~~/sec for ref. 6 m cqed tith w = 3.08 rsdians/sec
for thispaper). In powerspectralanalyseswherefrequencyamplitudes
sre squared,this factorcan resultin a~eciable differences,as demon-
stratedin figure13.

k the higherfrequencyrangethe differencesin the thearlesare
morepronouncedsinceIn thisrangethe calculatedeffectivenessof the
verticalgustsactingon the wing to Prauce lateralmments differs
with the lmu theories. As pointedout @ reference11, the distribution
of gustvelocitiesalmg the fuselageb$gin-sto becm en Importantfactor
in calculatingthe yawingmomentand si#efbrcedue to sidegustsin this
frequencyrange.

-

CONCLUDING ~

By resolvingthe gust velocitiesor r~an Isotrapicatmospheric
turbulenceintothreecomponentsdined wi~ the stabilityaxes of an
airplane,the hteral forcesand momentson the airplaneand ~ resulting
lateralmotionsof the airplanehavebeen derived. !lhemethodinvolves .

the caputaticm of the statisticalforcesand mcmentsexperiencedby the
airplanedue to isotropicturbulencehavl~ ramdomvariationsalongthe
fuselageend acrossthe wing span. On tie basis of thesegust-induced

.

forcesand momentsreferencedto the centerof gravityof the airplane,
the powerspectralresponseof the airplanein any lateraldegreeof
freedom(beit displacement,velocity,or accelerated may be computed
by usingthe appropriatetransferfunctionsof the airplane. Sincetie
gustvelocities,the forces,and the mczumtssre definedalongthe fllght
path in termsof -&eirstatisticalave@3ge,the resultingmotionsme
&fined in termsof Khelrpowerspectia,tihemesn-sqwe valueof the
gustvelocities,and the scaleof atmosphericturbulence.

By usingthismethod,calculationshave been made on Wee airplanes,
whichdifferedin size,experiencingcqntiuuousatmospheric”turbulence
whilein a trimmedcorditionof low angleof attack. Qn thebasis of
tieseexsmples,certainpossiblesimplificatlcmeto the equationshave
been broughtout. Primaryemongthese,~ -thenegligibleeffectof hori-
zontal~ts Ug - the minorcontributionof sideface in computing

.—.

.
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the motions. h general, then, the lateral motions =t low trim angles
of attackare due.primarilyto the abili~ of the aide gusts vg -
verticalgusts Wg to produceyawingend.rolllngmomentson the airplane.

With regszdto lateralmotionsthe presentmethodof considering
randomvariationsof the gustvelocitiesalongthe fuselageand across
the span is a concepthithertoonly appretd with constantgradients
of gustveloci~ or compl.ete~ignored. Such appr~tions do not
appearto be $Ustifiedfm gustshatingwavelen@s shorterthan twicethe
span or fuselagelengtihof the airplane. Althou@ theseless cauprehen-
sive~thods correctlypredictthe trendsin the ticinityof tileDutch
rollmode of the airp~, they lead to the erroneousconclusia that
the power spectiaof the lateralmtion due to the unsymmetricalccapo-
nentsof the gust acrossthe span (bJay and h@y) fti off to zero
at wavelengthsgreaterthan the integralscaleof the turbulence. !lhe
magnitudeof Wference betweenthe methcdsincreaseswith frequen~
abovethe Dutchroll mode sincein this generalregionof frequencies
the short-period(withrespectto We size of the airplane)rends varia-
tionsof gustvel.oci@alongthe fuselageand acrossthe spanhave a
predominanteffecton the mcmentsand motionsof the airplane.

IangleyAeronauticalLaboratory,
NationalAdvlscmyCumnitteefor Aeronautics,

~ ~eu, Va., J~ 1.8,1~.

.

.
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APPENDIX A

POWER SPECTRALAND CROSS-POWERPROOFOF

SPECTRAL RELATIONSHITS

!lhe~sical and theoretical aspectsof statisticalmethodsof
wi~ dynamicsystems(~nerallzedhemmnic analysis)havebeen
treatedin a numberof excellentpapers. (Amongtheseare refs.13,
ti, and 21.) The folluulngdeflnitlcmsmd proofsare purelya mathe-
maticalmeans of utilizingthe statisticalcauceptand shouldbe Weated
as usefulswlements to the referencedstatisticaltheory.

Coneider the sixqpleequatim ,

(Al)

where e, 8, and 7 are ccmplexvariablesand 0/6 M ejy exe
ccmplextransferfunctionssuchthat

e= RfJ+iIe

8=~+i18

7= R7+i$

With the use of an asteriskto
tity,it Is alsotruethat

(A@
.

.

e_ II J
~ei$(e/7)

?- 7

denotethe“co~ugateof a ccmplexquan-
.

(A3)

Thus

(M)
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●

W W~ia h _ of eWatiOns (A2) it may be seen that

.
W* = (5*7)*

X;T= [(%]*

smd, in fact,

Stncefhe smnof.acoqlsxnwiber
red part,that is,

[() 1

e*a **
-67

57

* It

.

so

of

.
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and its conjugate is eqti to twicethe

(R+ II)+ (R-iI)=2R

then the substitutionof equation(A~)Into equation(Ah)yields

is equauy tx’ue to Urite

(A5)

(A6)

(A7)

that eitherform~ be used.

Mviding both sidesof equatia (A@ @y T and takingthe limlt
the statisticalvsriablesas T a~oaches infinitygivethe form

(A8)

whera, by the d.efInitionsof equations
tt~ (A8)iS ~ti~t to

(A9)

.
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.—
two variables 7 and 5 are statistically Independent,
power Is zero. For equati”ms with more than two vm?iables
is Mentical and, of course, yields more terms. Fm an .

equationwhose solutionis a functionof m variables,therewill

result m power-spec@wmtermsand
T

(n-1) cross-powertermsin the

n.1
form of equation(A9),or in the equivalentform

based on the

For the
appearingin

identi~ of equatton(A7).

cross spectrum betweentwo statisticalvariablesnot
the sameequation,c~iaer tie equations

and

where the complex miable
tlom (A@, is definedby

(Ale)

e= ;n+y

e= ;8 +:7 (m)

e, In additicm to the definitionsd? equa-
.

(AM)
.

titiplying equation (A3) by equatlan (All) gives

wherethe identi&

may be provedby the use of equations(A2)and (All),so that

‘*”=(wH’‘m 1712‘+%’*’]

(MA)

(A@ ‘
.
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.
Ditiding both sides by T smd taking
dependent vsriables as T approaches

.

43

the limit of the statistically
infinity yield

(A16)

~ the definitionof equaticms(5 and (6)
becomes

of the text,equation(Al@

(A17]

wke againthe identi~

~ be used in equation (A17) when desired. As before, %8 = @~ = O
where 7 and 8 are statisticallyindependentj but, in general,where
the two equationsare both ~ctions of m variables,therewill result

*and

t

(n-1) cross-powerterms.

n.

.

.

.
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APPENDIX B
.

.

REIATroNsHIP EEZWEEN POWER SPECTRAOF AIRPIANEFCR~ AND

McMENTsAmPwERsPEcmA OF GUST VEIQCITIES

Considerthe systemdefined”by equatiaa(2)of the text,which is
rewrittenhere for conveniencein the matrixform

(Bl)

where CJ is a forceor mment coefficient(Cl, ~, or ~) ~ ajm

is a transferfunctionrekt~ cd to ~~ ~ gust~locities ‘1)

~, - u3 (~ where m = 1, 2, or 3) are the threeorthogonalvelocity --
componentsof isotropicturbulence,and the crosspowerbetweenaDY two
C~OIlelltSiS ~rOj tit is~

(B2)

h the power-spectraldcmaln(seeappendixA) the firsteqyation
of the system is defbed by

(2R au*a~~l% + q2*q3\u3+ a13*%l%3u1 )
(B3)

All ti cross-power terms of equation (B3) me zero. lhe other equa-
tionsyield similarresults;therefore,the systemis definedby

pc,}=[l%q{%}
(B4)

which is the result given by equatfm (9)of me -O .

.
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Now consider* cross-powerterm of the C~ matrix,where,for
instance,

)involving ul*~, ~*u3, and so forth (B5)

In the limit, then

3

@c~c~ =
z

a~*~ Mm + ~*~ + O
mm

lu=l

where by definition

(B6)

(m
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A similarderivationfw the othertwo cross-powercabinationsyields
similarresults;therefore,in general,

{ }’‘?qc’k =

where Ck is also a.forceor

[%n=kml{’ki}(J*) (B&L)

momentcoefficientand ~ is a transfer

{%JCIJ=[laW12]{&}(j=k) (@lb)

Equation(B8b)is seento be identicalto equation (Bk). h expanded
form,for the case considered

—

(w)

~ the terms of equation (2) of the text, tiia result is equivalent to b

equation(10)of the text. Furthermore,other
mentsexe passible,since

{%%)={’%%,}
{%sc3}=[.3m!i*]{%.

t~~}= haJ~21{o=}
Equation(BIOc)is identicalto eqpations(Bit)

eqx correct arrange.

.

(Bma)

($*) (Elm)

($=k) (BUM)

md (B8b).
—

.

.
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W II.- PHYSICALDIMENSIONS

OF EXAMPLEAII@ANES

Airplane
Dimension

A B c

b, ft....... 35.25 u.6
S,sq ft..... 25Q 5E 1,428
sTls~ ft..... 55. n.35 230
A . . . . . . . . . 4iy ~ 9.07 ;.:
I’,deg...... 4.50

.* *..* O*G 0.45 0.;2
&;&” .. . . ..m 4.4 7.0 13.0
q., fi . . . . . . 14.8 27.6 46.6
Xo, ft...... 18 15.25 48.5
Xl,f i...... 5.7 22.0 36.6

Xzs. g”””””” 20 29.4 51.6
So, fat...... 2.7” 3.0 5.3
91> i% . . . . . . 8.5 10.6 18.5

.

.

I



.

. a

. .-- . ...- —

, .

1 ,: ,,m A

* 4

1.

I fr ii!

I

(a) Turbulerlca structure andman crleutatlon
or Etablkltyaxasd drplmle.

Figure 1.- EM&n Ccmvenljim and dmbil.i~ alms C& drpl,am3 flylrlgmumgh
dm)fJplHlc Imrbulmlce .
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(b) Imtenteneoua ~iorl Of 61mbilAty -S or Idr@sa2 Vith respect
to earth ELM Imdy enes. Positive seine d axes, velocities,ed angk
is ticatea by arJxlws.

m 1.- ConC1.lldnll.
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Ccmrponentsand sum of canponentsof powerspectraldensi~ of roll .
a@.e dw to threecomponentsof gustveloci~.

Figure3.- l?esponse in roll an@e Of a@= A f= t~~ conti~
atmosphericturbulence. .—

I



Y WA ~ 3954 55

.

.

.

.

.

.—. ...—

Freqwcy,q mrhskc

(b)Roll sngledue to forcesand nmm=ntsinducedby Vg and Wg conlpcments

of gust Wlocity. Shownare sum emd relative magnitudes of perts.

Figure3.- Concluded.
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(a) Cauponents end sum of cmponents @ pger spectrel density of ysxr
_ due to three components cd gust velocity.

*.

Figwre4.- ResponseIn yaw angleof drplane A flylngthroughcontinuous
atmospherict@ulence.
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(b)Yaw

of

Freqwncy,q ruc&ms/sec

-e due to forcesand llmmentsinducedby

gustVel.ociw. Shownare sum and relative

Figure4.- concluded.
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(a) Cmponents and sum of cmponents 0$ poy’erspectrsl density of slde-
slip angle due to three comp@ents of gust velocity.

Fip 5.- Responsein sideslipangleof 4rplane A flyingthroughcon-
tinuousatmospheric turbulence.
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(b)Sideslipangledue to forcesand momentsinducedbY Vg -
wg m~onents of ~t veloci@. Shownme sum end relative
=guitudes of parts.

Figure5.- Concluded.
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Canponentsand sw d componentsof powersmctral densityof roll
@ * h three ccmponegts of gustvelocity. F

Figure6.-. Respmse in roll angle of @irplane B flying tbrmgh contin-
uous atispheric :turbulence. i“
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Freqwncy,q ruSns&c
o

Roll angledue to forcessnd mments Inducedby vg - wg COm@nmts

of gust *city. Shuwnare sum md relati- mgnitudes of parts.

.
mgure 6.- Concluded.
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(a) Cmponents and sw of’canponents.of’_prer spectral.densityof yaw
@ d~ to -e c~o~nts of gustvelocity. ..

?
Fip 7.- Responsein ysx angleof airplaneB flyingtiough continuous

atmosphericturlmlknca.
F
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(b)Yaw

of

.—

100
Frequency,~ rocbshc

angle due to forces end ruomentsInduced by

gust *ci*. shown &re sum Snd relative

Flm 7.- Concluded.

Vg Emd Wg components

DEqgiitudesof parts.
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(a) Cmponents md sm of ccmponetisof powerspectraldensityof slde-
sl.ipangledue to three ccnponentsof gust~locity.

Figure8.- Response in sideslip angle of airplane B flying thr~
continuous atmospheric tiii%ulence. —
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(b) Sideslipangledue to forcesand nrmsntsinducedby Vg and

‘6 congmnentsof gustvelocity. Shownae sum and relative

-1-s of parts.

Figure8.- Concluded.
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Frequency,@ radanshec

(a) Ccmrponentsand sum of components:ofJower s~ctral density of roll -,: -
_ due to three cmponente of gust velocity.

Figure 9.- Response in roll singleof airplane C flying through ‘ ,
continuousatimosp@icturbulence.
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Ruqancy, q drms/sac

(b) FW3. angle due to forcesand ~ta inducedby Vg End

wg co~nents of ~t wloci~. Shownare sum and relative

magnitudesof parts.

Fi~ 9.- ~hded.
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(a) Chponents and am of cmponents of puwer spectral density of yaw

angle due to three compopentgof,,guk!tvelocity. #

Fiw 10.- Responeein yaw angle@ airplaneC flyingthrough
centinuousatmosphericturbulence. .
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.-

)

(b) Yaw angle due to forcesand ~ts inducedby v’ and

Wg cqnents of -t velocity. ~own are sum and relative

-ties of -s.

Figure10.- Concluded.
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Frequency,q radanskc

----

—

(a) Ccauponents- mm of componentsof powerspectreldensi~ of side.
slip angle due to three caqsonents of gust velocity.

t
Figure U... Response in sideslip ax@e M elrple.neC fl,ytng

through continuous atz.uosphericturbulence.
.
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Freqwcy,q mdunskc

(b)Sideslipangledue to forcesand momentsinducedby Vg and

Wg components of gustvelocity. shownere sum and rwtive

-tws of pts .

F%gureIl.- Concluded.
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.1 Lo [(

Freq!emy,a,radkwsec

..-

(a) Power spectrslresponsein roll angle # of airplaneA.

Figme 13.- Canparisonbetweenthe ldxxrslresponsesof airplaneA In
atmosphericturbulence&s detemined w methodof presentpaperend
methodof reference 6.
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(b)Powerspetiralrespo~e in yay - v W airplaneA..

Figure13. - Continued.
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Fteqmcy, q _s/=

(c) Power spectra response. in sides~p e@le P of drplane A.

IKLgure U. - ConcIuded.
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